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Structure and evolution of a dust star
in the Oppenheimer-Snyder model

Zahid Zakir !

Abstract

In 1939 Oppenheimer and Snyder (OS) have found an exact solution of the Einstein equations
for a collapsing homogeneous dust star at the parabolic velocity of dust particles by transforming
the Tolman solution in the comoving coordinates to a solution in the Schwarzschild coordinates r,t
and matching on the surface of the star with the exterior Schwarzschild solution. However, despite
the regularly citation of the OS paper, the meaning and significance of their solution have so far
remained unappreciated and poorly understood, in addition their method has been forgotten. In the
present paper it is shown that the OS method allows one to describe correctly from the astrophysical
point of view the structure and evolution of the dust star as a whole on hypersurfaces of simultaneity
t=const. A detailed derivation of the parabolic OS solution and solutions for hyperbolic and elliptic
velocities is given. The plots of the proper time rate and particle trajectories r(t,R) in different layers
are presented, visualizing the structure of the dust star. At large t, not only the surface quickly freezes
outside the gravitational radius, asymptotically approaching it, but the particles in the internal layers
also freeze at certain distances from the center, and their worldlines approach their own asymptotes,
rapidly becoming almost parallel to the worldlines of particles at the center and on the surface. This
shows that in the OS model the frozen star picture refers not only to the surface, but also to the
structure of the collapsed dust star as a whole. Thus, at any finite moment of cosmological time the
collapsed OS dust star appears as not a black hole, but as a frozar, an object by practically totally
frozen internal structure.

PACS: 04.20.Dg; 04.70.-s; 97.60.-s, 98.54.-h
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Introduction

In determining the structure of collapsing stars with a mass M >3M,, when their
surface is close to the gravitational radius r, =2GM (G is the gravitational constant) and

gravity dominates, there are still many ambiguities. In the simplest model - a spherical star
with homogeneous dust matter and with a diagonal metric - the problem turned out to be
exactly solvable (Friedmann, 1922; Lemaitre, 1933; Tolman R., 1934) and, therefore, the
internal structure of the such «ideal star» at each moment should have been well studied.

However, these exact solutions were found under the condition of homogeneity in
the comoving to the dust particles local frames which are mutually moving and, therefore,
do not have a common hypersurface of simultaneity. At the same time, the determination
of the structure of an extended object «at a given moment» means taking the positions of
all its particles simultaneously, i.e. on a common hypersurface of simultaneity. In addition,
the time of this hypersurface must coincide on the surface of the star with the world time
of the exterior region. For these reasons, the existence of the solutions in the comoving
frames is not enough for determining the structure of the star as a whole.

In the case of a homogeneous dust star with a parabolic velocity of dust particles this
problem was solved by OS (Oppenheimer & Snyder, 1939) by transforming the known
exact solution in the comoving coordinates (Tolman R., 1934) into the Schwarzschild
coordinates (t,r,&,¢) (Schwarzschild, 1916) on the global hypersurface of simultaneity

t =const. Unlike other attempts (Datt, 1938; Klein, 1961; Weinberg, 1972), where the
diagonality of the such transformed metric is achieved by a local transformation of the
coordinate time, in the OS method this is achieved by maintaining the world time of the
exterior region. This ensures both to match correctly on the surface with the exterior metric,
and to describe the star at every moment of the world time as a totality of simultaneous
events. Since then, the OS solution has been used as a standard model for normalizing and
testing more complicated models of relativistic stars.

The aim of the present paper is to develop the OS model by its more detailed and

consistent formulation, the determination of asymptotes at t > r, not only for the metric,

but also for the trajectories of the star’s particles with the visualization of these trajectories,
and the derivation of exact interior solutions in the Schwarzschild coordinates for the
elliptic and hyperbolic velocities.

In Section 1 the main relations for particle trajectories in the Schwarzschild field and
the Tolman solution for the dust ball are discussed. In Section 2, the exact solutions by the
OS method for all three velocity regimes are derived. In Section 3, the structure and
evolution of the dust star are studied and the plots of the worldlines are presented, clearly
showing the structure of the star at a given time t and at the asymptotes t — co. In the
Appendices a parametrized representation of the trajectory equations and the derivation of
the solutions for the OS auxiliary functions y(R,r) are presented.
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1. Trajectories in the Schwarzschild field and Tolman's solution
for the dust ball

1.1. Trajectories of particles in the Schwarzschild field

The space-time interval outside and on the surface of the spherical star r > r, (where
I, is the circumferential radius of the surface) in the static coordinates is given by the
Schwarzschild solution:
ds® = (1—r, /r)dt* —(1—r, /r)"dr® —r’d’Q, (1)
where d?Q =d6&” +sin* @de*. At the radial falling of test particles in this field their
local velocities have the form:

2
ot _da @
(L-r,/r)" dt
The energy conservation condition for freely falling particles in this static field gives:
1-r/r
PR = 1+ f (R), (3)
1-v(r)

where the form of f (R) is fixed at the initial momentat r=R.
From these basic expressions, then we find the trajectory functions for test particles
outside the star for three kinds of velocities - parabolic ( f = 0), hyperbolic (f = I /R),

and elliptic (f = -, / R). They are distinguished by the fact that they correspond to a

constant curvature space and an initially homogeneous set of test particles remains
homogeneous in the future for the same intervals of the local proper time. The
hypersurfaces of «one-age» for this reason are also the hypersurfaces of homogeneity.

a. Parabolic velocities.

The parabolic velocity case with f =0 corresponds to the velocity which would be

achieved at a free fall from the rest at r —oo. The energy conservation condition for
particles (3) gives in this case

1-r /v
g _ L2 g 12
-y =1, v=-r7/r". (4)
For the proper time interval of the particles it follows from (1), (2) and (3):
ar* (1 r
dr? = (—2—1j:—dr2, (5)
1-r/riv Iy
By defining the initial positions of particles at =0 as r =R, we obtain from (5):
2 3 2/3
7(R,r) = e (R¥-r*), r(z,R)= (R” —Erg”rj . (6)
g
For the derivatives r=0r/oz and r'=0r /R we have from (5)-(6):
r1/2 Rl/z
r=—2-, r'=—-. 7
r1/2 r1/2 ( )

For the world time interval t it follows from (2) and (3):
1 Pdrr¥? 1§ drr®?

=]

g R g g r(t) g

t_tO(R):_ ) (8)
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where t,(R) is a value of t corresponding to the moment =0 for the layer R. The
integration of (8) gives the trajectory function r(t, R) in the implicit form:
1/2 1/2 12 12
+r° R™ -,
2 (R3’2—r3’2)+2rg”2(R”2—r1’2)+rgIn[ g g J 9)

1/2 1/2 1/2 1/2 1/2
r e R +1

t-1,(R) =

From (9), using (7), we find the derivative t:
. r
t=——. (10)
r—r,
For the calculating t', an explicit form of t,(R) is required and in Section 2.2 it will be
found from the metrics diagonality condition in the comoving frame of reference.

b. Hyperbolic and elliptic velocities.

The hyperbolic velocities correspond to a finite velocity v >0 at r — oo and in (3)
they correspond to the choice f(R)=r,/R>0. The elliptic velocities correspond to
falling from the rest v(R) =0 at a finite distance r =R <o at the initial moment 7 =0
and the energy conservation condition (3) gives inthis case f (R)=-r, /R <0.Thenboth

cases will be considered together and the sign (+) will be for the hyperbolic, and the sign
(-) — for the elliptic velocities.
Thus, from (3) we obtain:

g g
=1+—, 11
1-V? R )
+ r
voaARE A b (12)
r R,
From (1) - (2) and the expressions for the velocity (12) we find for the proper time interval
of the particle:
2 2
g2 A (iz_ljzﬂ_rdr | (13)
1-r,/r\v r, Rtr
from which it follows the relationship between 7 and r along any trajectory z(R,r):
Rl/2 R dr Ir1/2
= , (14)
1/2 1/2
" i (RET)
R]JZ " " R3/2 r1/2 + (R + r)l/Z
r=—7 | 2"R-[rR+N}* |+ =z | ——m— |, f>0 (15)
Iy Iy R™(1+27)
Rllz 1/2 RSIZ 1/2 12 f
T= W[r(R -nN+ 7 arccos(r </ R™), <0. (16)
g9 ]
The derivative i follows from (13):
1/2
- 1/2
F=——=@1xr/R)", 17)

r
while r'=0r/6R we find from (15) and (16) by using the condition 7'=0:
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1/2 1/2
r'=—§—L+g[2”2+ln(1+r/R) +(r/R)

}(1+r/R)1’2, f >0, (18)

2 2R 1+ 242
1/2
r':g_éjug(ﬂ—lj arccos(r’? /R¥?), f <0. (19)
.

Notice that the logarithmic term in (18) can be written across arccosh [(r / R)"?].

For the world time interval t, it follows from (2) and (12) that:
1 f dr r¥?

t=—5 _[ 2’

AT (r=r)(R£r)

and the calculation of the integral gives a relationship between t and r along the trajectories
t(R,r):

(20)

[r(R+r)1" +[r,(R+1)]"*

t—t,(R)=2r,In [R(r—rg)]1’2

1/2 R 1/2 (21)
+[(R—2rg)ln%—[r(r+R)]”Z}(1+R/rg)1’2, f>0
r(R—r)]"? +[r,(R-r)]"?
t—tO(R)=2rgIn[( ;)] [9(1/2 ) +
[R(r—ry)]
12 (22)
+((R+2rg)arccos(r1’2/R1’2)+[r(R—r)]1’2)[rE—1] , f<0
9
From these equations for the trajectory, taking into account (17) - (19), we find f:
r(R=r)["* ¢ 1+r, /R)"?
R v @En /R -

- 172 -
[r,(RENF1-r/r 1-r/r
B. A relation of the proper time to the world time and its asymptotes.

The times 7 and t are two parametrizations of the same events along the same
worldline of the particle r = r(z,R) = r(t, R) and, therefore, these two times are mutually

related, and irreversible gravitational dilation of 7 w.r.t. t is the experimental fact (see
(Okun, Selivanov, & Telegdi, 2000)).

The relation between 7 and t in the implicit form can be obtained from (9) and (16)
by calculating t(r,R) and z(r,R) at the same values of r and R. At the same time, while

r>r, both t(r,R) and 7(r,R) describe the same event on the same worldline (at fixed
angles @, 0). Therefore, if the worldline t(r,R) asymptotically approaches r, by never
crossing it, then the worldline z(r,R) also asymptotically approaches r, and also does not
cross it. The proper time at t — oo and r — r, only asymptotically freezes, tending to the
moment of freezing 7, which we find from (6), (15), and (16):

2

g BrJIZ

(R3/2 _ r.3/2), f = O, (24)

T g
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R1/2 y u R3/2 r1/2 +(R+I’ )1/2
TQZF[Z *R—[r,(R+r)I* |+ = In QRM(HZJJQZ) , £>0, (25)
3/2
r, =[r,(R—r)I"* +R—arccos(r€jj2 /RY?), f<0. (26)

1/2
rg

The plots of the dependences z(t,R) for all three velocities are shown below in Fig. 2,
where the positions of the asymptotes 7, are shown also.

1.2. Tolman's general solution for a dust star and homogeneity

Inside the dust star (R <R;), the line element in the comoving local frames of
reference can be written in the form:
ds® =c’dz® —e*™PdR? —r? (7, R)d Y, (27)
where 27r(z, R) is the length of a circle around the star.

Tolman’s general solution for the Einstein equations with the such metric (Tolman
R., 1934) (in the notation of (Landau & Lifshits, 1994)) has the form:

et =r?/(1+f), *=f+F/r, 82Gp= rl.:rz-
where 1+ f >0, p is the energy density of the dust matter. It contains two unknown
functions f (R) and F(R), and thus in order to find the exact solutions it is necessary to
specify the physical conditions.

For our purposes, homogeneity is the first such condition. In local comoving
reference frames, where Tolman's solution is valid, the homogeneity condition means that
for the same values of proper time (for the «one-age» events) p does not depend on the
spatial coordinates:

(28)

p=p(7). (29)
This can be achieved by the choice of a homogeneous distribution at the initial moment
7 =0 and by choosing one of the three special velocities that preserve the homogeneity
during the time evolution, since they correspond to the constant curvature spaces.
The integration of (28) then gives:

dr
In addition in the exterior region F =r, .

For the parabolic motion ( f = 0) we obtain from (28) - (30):

2 c R S
T:3Fﬂ2 (R3/2_r3/2)’ r:(RSIZ——Z T ) r:—w. (31)
In the elliptic case, f is determined from the vanishing of the velocity at r=R:
r%m=f+%=a f=—%<a (32)

In the hyperbolic case, it should be the same value of f , but with the opposite sign:
f=F/R.
Thus, in the hyperbolic and elliptic cases we have for £°:
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Fl/z r 1/2
= 1+—| . 33
r? ( Rj 33)
The integration of (33) is analogous to (14) - (16) and gives:
R1/2 /2 r1/2 + R+r 1/2
= g2 R-IR O] Ertn| T | 120 @9
1/2
T= :31/2 [[r(R—r)]1’2+Rarccos(r1’2 R”Z)} f <0. (35)

1.3. Two additional consequences of homogeneity

Thus, the condition to be comoving leads to the diagonal metric (27) with which the
Einstein equations have an exact solution (28) by two unknown functions f and F, and then
the homogeneity condition and the choice of one of the three special velocities allow to
determine f.

At the first look it seems that there remains the arbitrariness in the determination of
the second of the unknown functions F. Below we show that in reality there is no such
arbitrariness, and by the above accepted refinements of physical conditions it is fully
determined not only f, but F also. In the OS paper this was shown for parabolic velocities,
and here we show that the form of F is the same for all three types of special velocities.

For this purpose, from (28) and the homogeneity condition (29), we obtain the
following relations (x =87G / 3):

F'=3xo(0)r’r' = ko(z)(r®)", (36)
R3
F = xp(2)r’ = xp(0)R® = kp(O)R; IR (37)
b
Further, taking into account r; =2GM = xp(0) RS, we arrive at the expressions:
R® R®
F(R)= rgR_sErg,R’ P(T)IP(O)F- (38)

Thus, the first additional consequence of homogeneity is that the form of F inside
the star is uniquely determined from (28) and (29), and the form of F is the same for all
three special velocities, since in deriving of (38), in contrast to OS, the concrete form of f
was not used.

Knowing f and F, now we can calculate from (31) and (33) not only f, but also r"',
if we again use (36) - (38). At first, from (36) - (37) we obtain:

R3
F'=xp(7)r’r' = xp(0)R® '=3rg?r', (39)
r b
and then, equating this to (38), we arrive at two expressions for F':
F'=3r R—Sr'—r 3R’ (40)
"R RS
from which we find:
r
r=—. 41
R (41)

Thus, the second additional consequence of homogeneity is that this condition allows
one to find r' also, which is the same for all three special velocities.
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2. A 'homogeneous dust star on a hypersurface of simultaneity

Tolman's solution inside the dust star in the comoving frame of reference (28), with
taking into account the consequences of homogeneity (38) and (41), naturally coincides
with earlier Friedmann's cosmological solution obtained under the same conditions. In
contrast to cosmology, in astrophysics one deals with a compact object embedded in the
static Schwarzschild space-time (1). Therefore, for the matching with the exterior metric,
the interior solution must be expressed in the same coordinates as the static metric.

This is exactly what was done in the OS paper, where they able to find the exact
solutions for the interior metric and trajectories in terms of the coordinates r,t, and also
to sew them on the surface with the exterior static metric in the particular case when:

a) the dust ball is homogeneous in the local comoving reference frames;

b) the dust particles fall with the parabolic velocity and f(R)=0;

¢) Tolman's solution is transformed into the Schwarzschild coordinates r,t.

Further, we give the details of the calculations in the OS method not only for the parabolic,
but for the hyperbolic and elliptic velocities also.

2.1. The metric and trajectories in the exterior region
a. Parabolic velocities.

Let us consider the falling test particles outside the star R > R, . Since the metric in

the exterior region in the static reference frame is known and given by the Schwarzschild
metric (1), we proceed from it and transform it from r, t to R, 7. We express the intervals
of r, t across the intervals of R,z in the form:

dt=tdr+t'dR, dr=rvdz+r'dR. (42)
The line element (1) then turnsto (¢ =1— Iy /r):
ds? = adt’ — o 'dr? —r?d’Q = 43)
=(af? —a™?)dr’ — (a7 'r*—at'*)dR® + 2(att'— a 'fr')dzdR — r’d Q.
The expressions for the metric components in the coordinates R,z are also known

from (27) - (28) and together with (43) they give two equations for determining f, t', as
well as the metric diagonality condition:

Ju(7:R) = at? —a'r? =1, (44)
Jo(7.R) =aft'—a ' =0. (45)
0y (7, R)=—(a'r?—at®) =—r", (46)

Taking into account that F =T, outside the star, from (4), (44) and (46) the previous
expressions (7) and (10) for 1, r' and f are follow. From (46) we find the expression for
t' by taking into account r'=R"?/r"* from (41):
A (rrg)llz - (rg R)1/2 |
r—r, r—r,

This expression satisfies the diagonality condition (45), which, taking into account (10) for
parabolic velocities, takes the form:

(47)

—=r'v, (48)
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Next, calculating from (9) and equating the result to (47), we arrive at the equation
for finding t, "

' . R3/2 r3/2r.| (rg r-)1/2 '
=t +—5 T - r (49)
r“(R-r) r~(r-r) r—r,
which after substitution r'=RY2/r"? gives:

(r R)JJZ
th'= -, (50)

R-r,

1/2 1/2
—r

ty(R) =-2r,”RY* —r In——2~ (51)

R1/2 + r1/2 '
g
Finally, substituting (51) into (9), we obtain the trajectory function r(t,R) in the form as

it was used in the OC paper:
1/2 1/2

2 3/2 3/2 12,172 rg
t:_3rgl’2 (R —r"9) —2r"r +rgln—rl,2_r1,2. (52)

9
In the plots of the trajectories r(t,R) and r(z,R) (Fig. 1), itis clear that there is a

one-to-one correspondence between the events on both curves r(t,R)=r(z,R), and
therefore both curves are asymptotic. At t — oo both they are asymptotically approach the
gravitational radius r(t,R) —r; and r[z(t,R)] —>r,.
The relation between the two types of time z(t,R) follows from (6) and (52):

RS/Z —3r1/2T / 2 1/3 + r1/2
( B ) 8. (53)
(R3/2 —3rY2 2)1/3 _rY?

g g

On the plot for z(t,R) (Fig. 2) the points with t =const. correspond to simultaneous
events, and with 7 =const. - to one-age ones. At t > and r —» r the moment of

t=7-2r"2(R¥ -3r"%c/2)" +r, In(

freezing of the proper time z — 7, which appear as asymptotes in Fig. 2, to which the
proper times tend, we find from (6):

2
3r1/2

g

(R3/2 _ r93/2). (54)

7,(R) =

b. Hyperbolic and elliptic velocities.

The transformation of the Schwarzschild solution (1) from r,tto R,z the hyperbolic
and elliptic velocities is analogous to the parabolic case (42) - (45) with the difference only
in the spatial component of the metric:

0,(z,R) =—(ar?—at?)=-17, (55)
where T? =r"?/(1+ r,/R).For fand t from (3) and (44) follow:
r’ Y2 (+r, /R
r:_%(liLj , t:# (56)
r R 1-r/r

From (55) we obtain an expression for t' satisfying the diagonality condition (45):
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(. 17

0 1 3 3 0 2 4 6 s 10
t‘c T
10 : Fig 2. The relationship 7(t, R) between the
g proper time 7 and world time t for the particles
: from Fig.1. Dotted lines are asymptotes 74
6 : . .

1 : from (54), (61) - (62) to which the proper times
N 7 tendat t > - It can be seen that the values
2 of 7 only approach T4 Never reaching it at
0 ; 1 T ! t < o0, and the surface remains outside rg also

r in terms of 7 too. The events on the worldline

r=r(z) in the bottom Fig.1 are the same
events as in the worldline r = r(t) in the upper

Fig.1, i.e. the points of two parametrizations of
the same worldline correspond to each other

units ). A thick line corresponds to the parabolic, a ~ One to one. Thus, the worldlines r(z) on the
lower Fig. 1 also are asymptotic and do not cross

Fig.1. The worldline of a particle on the surface of the
star r=r(t) =r(z) in terms of t (upper figure) and
7 (lower figure) falling from R =3.5 at =0 (in

line close to it — to the hyperbolic and an upper one to

the elliptic velocities. Ty
12
12 .
, (e[ REr rr'
t'=-r'-—2+— =—. (57)
r-r, (R+r, ta

Calculating t' from the solution (21) for the hyperbolic velocities and equating the
result to (57), we arrive at the equation for t;":

3 R/,
the solution of which has the form:
t,(R) =2"*(R—-2r)(A+R /)", (59)
Substituting this into (21), we obtain the trajectory function in the hyperbolic case:

(58)
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1/2 1/2
[r(R+r)I" +[r,(R+1)] .
[R(r—r,)”

1/2 1/2
+[(R—2rg)(21’2 ; |nr+£{#j—[r(r+ R)]“Z}(u R/L)™, f <0,

The trajectory function (22) for the elliptic velocities remains the same, since the
expression t' from (57) gives t,(R) =0 for all R.

t:2rg In

(60)

The plots of the trajectories r(t,R) and r(z,R) are also shown in Fig. 1. It can be
seen from the Fig. 1 that in each case both curves are asymptotic, i.e. at t — oo both they
are only approaching the gravitational radius r(t,R) =r(z,R) —>r,.

At t—>oo and r—r, the freezing moments of proper times z — 7, at the
hyperbolic and elliptic velocities we find from (15) and (16):

RJJZ R3/2 r1/2 + (R +r )JJZ
ry =g 2RI R [+ Za | S i |, 120 (6
g g
1/2 RS/Z
7, = W[rg (R—r)I"*+ Warccos(rg”2 /RYY), f<0. (62)
g 9

From the plot of the relation of two times z(t,R) in Fig. 2 we see that at t — oo the proper
times of the layers R tend to their asymptotes 7z (R) from (61) - (62).

In the literature it is often used a parametric representation for variables and
trajectory equations, and in Appendix 1 the main results are also presented in the such form.

2.2. The metric and trajectories in the interior region

In the previous Section, the solutions in terms of r,t coordinates were obtained in
terms of R,z . Here, following OS, we will perform the inverse transformation - from the
Tolman’s interior solution (28) in terms of R,z we will obtain the solution in terms of the

Schwarzschild coordinates r,t. This is necessary both for matching with the exterior metric
(1) and for determining the instantaneous structure of the star as a whole on the
hypersurface of simultaneity t =const .

The line element inside the star can be in general with a non-diagonal metric.
However, firstly, this metric must be diagonal on the surface to be matched with the exterior
metric. Secondly, the instantaneous structure of the star as an extended object must be given
on a single hypersurface of simultaneity coinciding on the surface with the hypersurface of
world time. This also suggests the existence of clocks in the entire volume of the star, which
are synchronized and show the same world time as on the surface.

All this is realized in a natural way only for the diagonal metric and it is very difficult,
if at all possible, for a non-diagonal metric. Therefore, we need to test the possibility of the
existence of an exact solution with the diagonal metric. If such a solution can be found,
then all other solutions with the non-diagonal metric will turn out to be just the same simple
solution, but transformed into more inconvenient or inadequate coordinates.

Thus, we write down a line element with diagonal metric:

dSZ — ev(r,t)dtz _ei(r,t)drz _ rzd ZQ, r< rb! (63)

the matching on the surface of which should give "™V =™ =1—r /1, . From (42)
it follows:
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ds® =e"dt* —e*dr® —r’d’Q= 64

= (e"t? —e'r?)d7r’ —(e'r*—e"t'*)dR® + 2(e"{t'— e*fr")d zdR — r’d*Q. (64

Notice that the OS method differs from other attempts to obtain solutions with
diagonalization of the interior metric g,,(r,t) =0 in that the diagonality of the required
metric is considered as the additional requirement and further exact solutions are found that
satisfy this condition. The coordinate time t is the same for all layers and coincides on the

surface with the exterior world time.
In accordance with (27) we obtain the conditions:

U (7, R) = €"t? —e*i? =1, (65)
0,(z,R) =—(e*r?—e"t?)=-1", (66)
Ju(7,R) =e"ft'—e*fr' =0. (67)
where T'> =r'?/ (1+ f) . The first two of them give for two components of the metric:
ot = t 2+ tor? e = r4+71'? 2 (68)
i2r2_t2p2’ i2r2_g2p2’

and the third one (67) expresses the diagonality of the initial metric, which, taking into
account (68), has the form:

(TR — (t2 T )

01 t'2rl2_t|2 r-.2 O' (69)
Writing this condition as an equation for t':
)
t2F—t'fr| 14+ —— |+ 272 =0, (70)
1+ f
we obtain two solutions:
r:%{u+ﬁla+fnin—ﬁla+fn) (71)
r

The first one of these (with a plus) t'=1fr"/ f is unphysical, since it diverges at ¥ — 0,
and the second one (with a minus sign) gives the diagonality condition of the interior
metric:

t' o

-—=—. 72

t 1+ f (72)
Excluding t' by means of (72), we simplify the expression for the metric (68):

1 1+ f
A v

, B E——
1-F/r t*(L-F /r)

(73)

a. Parabolic velocities.

Setting f =0 in (72) we obtain the diagonality condition for the parabolic
velocities:

t/t=r'f. (74)
The OS solution for the metric [4], following from (73) and (74), has the form:
1 1
A v

- © T Ea-ry _
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Thus, r' is known from (41), the expressions for z(r,R), r(z,R) and i we obtain
from (31) and (38):
2
o
To determine the trajectory equation r(t,R) in the OC method (Oppenheimer &
Snyder, 1939), it is necessary to introduce a new variable y:
t=M(y), (77)
where the form of the function M is determined from the matching condition with the
exterior metric. The diagonality condition (74) then takes the form:

2/3
= (R*?-r*%), r(r,R)=R 1——351/2 F=— rgllé 76
T = ) 7, = 2R3/2 2 J - r112 ( )

b

t—_l = y =rr'= ( r)m : (78)
t vy R
The solution of this equation for y, found by the OS, has the form:
y(R,7) = 1(R2 1}+&r. (79)
2\ R? Rr,

The derivation of this solution is presented in Appendix 2.
On the surface Y, = y(R,)=r/r, and here the function M(y,) must coincide

with the right-hand side of (52). Therefore, by substituting R — R, and r — 1,y in (52),
OS have obtained the trajectory function for the particles inside the star:

1/2
t:3r_§’2 RY? —r2y¥%)—2r y"? +r. Inz J_ri (80)
For f u t' this equation, by taking into account y'=R /R u ¥ = —(R/rr, Rb)ll2 , gives:
f:_m:(ﬂjm 32 tI:_rys/zy. _EL& (81)
y—1 Rr) y-1' y—1 RZ y-1
and the diagonality condition (78) is satisfied.
b. Hyperbolic and elliptic velocities.
In this case, from (66), (32) and (33) we have:
F r r1/2
foto=t 7; F=- 1,2(1 r/R)". (82)
Substituting this into (73) and (82), we obtain:
i _ 1 | evszzli rg’R/R. (83)
1-relr 1-re/r

By introducing the variable y as in (77), we write the diagonal condition (72) in the
form:

t' oy rr' ( o' r)” 12
LAV Ay = @+r/R)" (84)
t vy 1irg’R/R R+r

—gR

The solutions of this equation with respect to y have the form:

YR = n((1+ R/R)“Z(lir/R)}
rg L+, /R)

(85)
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1+r /R)¥? ...
r=+R (g—b)me*yg”*b—l . (86)
(Ltr, . /R)

The derivation of these solutions is also presented in Appendix 2. At R=R,:
YR, N =Y, =%(R,/r)InA+r/R)). (87)
On the surface, the function M (ly,) must coincide with the right-hand side of (22).
Making in (22) the substitutions R - R, and r = r,, where r, is determined from the

correspondence with (87) as:
r, =tR [exp(+yr, /R,) —1], (88)

we obtain the trajectory function r(t,R) in the implicit form t(R,r) (b=R,/ r):

[r.(R, +7, )1+ [r, (R, + r+)]l/2

t=2r In
’ [Ry(r. -1, )1
1/2 R 1/2 R 2 (89)
+[(Rb —2rg)[21’2 +ink +(R;;2+ r.) ]—[r+(r+ + Rb)]”z}{r—b +1] L f >0,
b 9
t=2r In [r(R,—r, )12+ [r, (R, - r)I* N
’ [R,(r — )"
12 (90)
+((Rb +2r,)arccos(r’? / RY?) +[r (R, — r_)]l’z)L&—lj , f<0
r
[¢]
The derivative f have the form:
1/2 1/2 . 1/2
f ri (Rb * rg) ri ri _ y Rrg (1i rg / Rb) +yrg /Ry (91)

R G A R, (L£r,, /R)”

3. The internal structure and evolution of a dust star
3.1. Trajectories of particles in layers and their asymptotes

a. Parabolic velocities.

The plots of the trajectories of the dust particles inside the star r(t,R) for the
parabolic solution of OS (79) - (80) are shown in Fig. 3-4. In Fig. 4 shows the asymptotes
r(oo,R) to which the trajectories of the particles of the layers tend at t — oo. They are
parallel to the worldline of the center and are placed almost equidistantly, condensing only
near the surface. The closure is insignificant and concerns only those layers that were
initially close to the surface. An expression for the asymptotes of worldlines inside the star
can be found in the following way.

At t — oo the surface of the star asymptotically approaches the gravitational radius
r, — r, and in (9) it dominates the growing logarithmic term, which gives on the surface:

1/2 1/2
' —r u r—r 1(r
t = _rg In b1/2 g1/2 ! € t g = 1/2b 3/2 2 = Z . ' (92)
o+ (" + Iy ) Iy
—t/r,

L) =r,Q+4e ) >r,. (93)
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Fig.3. The OS worldlines of the dust star’s particles Fig. 4. The worldlines of particles in the layers
along the star’s diameter at the parabolic velocity of the dust ball from Fig.3. At t > r,a surface
and R, =3.5 at =0 (in units r;) according Egs.

e e i, I yers ez ner et sympoes fom
g ' Eq. (95) shown by dotter verticals.

the internal layers freeze near own asymptotes given
by Eq. (95)

asymptotically approaches r_, but not cross it.

In the internal layers, the logarithmic contribution to (80) also grows, but now at
y — 1 and this gives for the asymptotes of the layers r(t,R) — r_(R) the equation:

1( R® R
t,R =y, (R)==| —-1|+—2r(R)=1, 94
from which we find the required result:
3r 2
r,(R)=R— 1—R—2 : (95)
2R, 3R}

As we see, the lines of asymptotes of the internal layers of the star are located almost
equidistant (Fig. 4) and only the layers near the surface are densified due to the factor

-, R°/2R;.
The proper time on each layer freezes at 7, (R), the value of which we find by
substituting r_(R) into (76):

z,(R) =

2Ry 3" (1— R Jm (96)

_ g
1/2 1/2 2
r 2 3R]
The center freezes before all layers the moment z_(0) and the surface freezes later than
all layersat 7, (R,):

2 R3/2 33/2 2 R3/2
Tw(O)zg(?—ﬁ rg, Too(Rb):§ #—1 rg. (97)
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The interval of proper time, during which all the layers of the dust star become
frozen, is therefore equal to the difference between the moments of freezing of the surface
and the center:

23/2

For astar with 10M, and r, = 30 km the difference between the moments showing
by frozen local clocks on the surface and at the center will be about 0.1 milliseconds. In the
world time this interval, of course, is sufficiently larger.

Let us consider the dependence on t of the basic variables at large t. From the
asymptotes t:

2 33/2
Tw(Rb)_Tm(O):g(__lj r, ~ 0.558r,. (98)

RPN G Mt S DURT et
. r"'n((y”%l)z}‘ (77 o
we obtain:
2
VZE(R_z_ljJrir:lvt%‘"g, (100)
2\ R Rr,
3r 2
r:R—g(l—R—2+§e‘t”gj. (101)
2R " 3R’ 3

Substituting this into (76), we then find the dependence of the moments of proper
time inside the star z(t,R) fromt:

2R¥ 31 (R 8 )
i A L (102)

g

At t — oo this expression goes into (96).

b. Hyperbolic and elliptic velocities.

The trajectory plots r(t,R) in accordance with the solutions for the hyperbolic and
elliptic velocities (85) and (89) - (90) are shown in Fig. 5-6. It can be seen from the figures
that at t — oo the trajectories of the particles in different layers R, as in the parabolic case,
also tend to their own asymptotes r(oo, R) . Let us find these asymptotes.

At t—oo in these two cases also f, — 1, and in (89) - (90) the increasing

logarithmic terms dominate, which gives:

t=-r, In(i%[exp(tyrg /R)-1] —1} =, In[:i—l], (103)

g9 g9

r, =+R, [exp(xyr, /R)) —1]. (104)
The asymptotes y — y_ at t — oo follows from (103):

R
J_rr—b[exp(ir Y.r/R)-1=1, (105)
g
r
yw=i&ln£11r—gj. (106)
T R,
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Fig. 5. The OS worldlines of the dust star’s particles Fig. 6. The OS Worldlirnes of the dust star’s
along the star’s diameter at the hyperbolic velocity particles along the star’s diameter at the elliptic
and R, =3.5 at z=0 (in units r;) according Egs. velocity and R, =3.5 at z=0 (in units r;)
(85), (88) and (89). At large t the worldlines remain according Egs. (85), (88) and (90). At large t the
timelike, the surface freezes outside the gravitational worldlines remain timelike, the surface freezes
radius, the internal layers freeze near own outside the gravitational radius, the internal
asymptotes given by Eq. (107). layers freeze near own asymptotes given by Eq.
(207).

Substituting this into (86), we find the asymptotes for the internal layers r_(R):

(1+r, /R
1+r,R*/R3)"
At R > r, this formula is transformed into (95). As we see, the lines of the

asymptotes of the layers at the hyperbolic and elliptic velocities are also parallel to the
worldline of the center, are spaced from each other almost equidistantly, condensing near
the surface only.

The moments of freezing of proper time on each layer 7 (R) we find by substituting
r_(R) in (34) - (35). For hyperbolic velocities this gives:

r (R)= iF{ (107)

1/2
R) _R® Sz _ @+, /R)™ ([ @+r/R)* ~ .
Tg 1/2 1 R2 / R3 1/2 1 R2 / R3 1/2
rg ( + rg b) ( + rg b)
302 2 34 (108)
R |1 (L+r/R,) (L+1 /R,
2o 1+ 2% @+, R/ RY)Y @+r,R* /R

The moments of freezing of the center 7, (0) and the surface 7, (R,) > 7, (0) are equal
to:



34 Zakir Z. (2017) Theoretical Physics, Astrophysics and Cosmology 12, 2; TPAC: 6192-044

R3/2

1/2
9

R3/2 1 "
Wln(l_i_zuz [((1+ IR =1) + (L1, / Rb)3/4D,
9

7,(0) = [21/2 |:(1+ r / Rb)3/2 ((1+ r / Rb)3/2 _1)j|1/2i|+

(109)

R¥ T ue 2
ry(R) = | 2 ~[Wrr IR IR [+

9

R3/2 1 12
b In(1+2”2 [(rg / Rb) +(L+r,/ Rb)l/zD_

rg

For elliptic velocities, the freezing moments are given by the expression:

312 vz 45 rv2
z (R) = F:fTKl_EJ iTJrarccos Rgl”]’

(110)

g Ay s
A, =(1-rR*/R)", B=(1-r/R)*

The moments of freezing of the center z_(0) and the surface 7, (R,) >z, (0) are equal in
this case to:

(111)

3/2
7.(0) = F:flz ([B(l— B)]"* +arcsin(|31’2)), (112)
g
(R,) Rslz 1 ' ) rm —— 4arccos rl/z (113)
T = — _— R S—
R R, R;’Z RY2
Using the asymptotes of t:
t=-—r In(irél:z—b[exp(iyrg IR,) —1]—1/4], (114)
r
g
for the dependence on t of the basic variables at large t we obtain:
r —t/r,
y:i&ln 1+ 2 (1+4e %) |, (115)
T R,
(11, /R)”2 “uy
r.=+R —1/2 (1+4e 9 |- (116)
B (1£r,:/R)

In the limit t — oo the formulas (115) - (116) turn to (106)-(107).
3.2. The interior metric and its asymptotes
a. Parabolic velocities.

In the OS exact solution, the components of the metric (75), taking into account (79)
and (81), become:

e =(l-r /1), (117)
[1+ (rg’R /12r)(1-3R? / R*)T 1
[L+(r, o /2r)A-RZ/R)P 1-r /T
The line element, respectively, has the form:

v(t,R) —

(118)
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1 L 120A-3RE/ROF ar?

- —-r’d’Q.
[1+(r, o /2r)A-R:/R*)P 1-r, /v 1-r /T

(119)
On the surface R =R, this line element turns to the Schwarzschild line element (1). In

the center of the star R = r =0 the spatial metric is trivial e*©®" =1.
At t>r, the metric (117), taking into account (101), has the form:

e
2 2
et -1 R f e L3 R , (120)
RS 2 Ry

or in a more compact form:
A0R) _ 8e'" +3-R?/ R?
8e'" +3-3R?/R?’
At the center and on the surface its value is equal to:
et —1 e R =g’ /4, (122)
At t — oo the metric from (121) tends to:
seery  1—R?*/I3R?

(121)

©TIRUR (123)
At t > r, the time component of the metric (75), taking into account (81) and (101), has
the form:
e"R ~16ete ™ (4e‘“ " +E(S—R—2n (124)
2|7 R
or in the expanded form:
ot _ g2 [Be 7 +(3-R* /RO’ 125)

e’ +31-R?*/R?)/8
At the center and on the surface its value is equal to:
"9 =246 @) =47 (126)
At t — oo the metric from (125) tends to:
ur, 1—R?*/3RE)?

v(cx: R) _
=24e 1-R?/R?

(127)

b. Hyperbolic and elliptic velocities.

In these cases, the components of the metric (83), taking into account (91) and (115),

have the form:
A

R = (1 1), e = ‘t*( o/ R). (128)

On the surface R = R, this metric turns to the Schwarzschild metric (1). At the center of

the star R =r =0 the spatial metric is trivial e’ =1,

At large t, the metric (128), taking into account (116), has the form:
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1
i L1, /R ~ur
e RO _ 11 gR Mg b 1+4e ' . 129

TR Ll—gR/R)”Z R T .

At the center and on the surface its value is equal to:

e 0 =1, R~ /4, (130)
At t — oo the metric tends to its asymptote:
-1
1 R 12
e #) 15 R (r—/)m(H g J—l : (131)
(lxr, . /R) R,

At large t the value of the time component of the metric (128) at the center and on
the surface, by taking into account (91) and (130), becomes equal to:

ev(t,o) _ e—Zt/rg , v(t Ry) 4e—t/r (132)
Conclusion

In the paper, the collapse of a homogeneous dust star and its structure at the given
moment of the world time in the framework of the OS method are studied in all three special
velocities - parabolic, hyperbolic and elliptic. The plots of the trajectories of the star's
particles (Figs. 5-8) clearly show the internal structure of the dust star on the hypersurfaces
of simultaneity. At large t, the worldlines of particles in all layers approach their
asymptotes, which are placed almost equidistantly from the center and are condensed only
near the surface. The surface asymptotically approaches the gravitational radius, always
remaining outside of it.

This shows that the frozen star picture refers not only to the surface, but also to the
structure of the entire dust star. Due to the uniqueness and invariance of worldlines in
general relativity, this picture also is unique and invariant. Unlike the widely accepted
intuitive picture of collapse where the surface crosses the gravitational radius in the proper
time, the picture of the structure and evolution of the star with asymptotically frozen layers
will be reproduced in all correctly performed transitions to other frames of reference with
any of their coordinates.

Under the correct such transition from the viewpoint of general relativity, it is
necessary to understand those values of coordinates which describe at any moment of
cosmological time on the surface of the star only those events in the internal layers that are
simultaneous with the world time moment on the surface. All other descriptions based on
non-simultaneous events in different parts of the star are unphysical and play only an
auxiliary role for the transition to a set of simultaneous events in the entire volume of the
star.

It is also important the fact that the worldlines of the star’s particles in the exact
solutions of the Einstein equations obtained by the OS method cover every moment of the
existence of these particles in the real world and therefore these solutions give a complete
picture of the evolution of the star. The irreversible dilation of the proper times due to
relativistic and gravitational time dilations is the objective physical phenomenon that stops
all processes in the star, including the process of collapse itself. This specific and
fundamental physical phenomenon basically distinguishes the collapse scenario of the
Einstein gravity from the Newtonian one, where there is no such stopping mechanism.

Thus, the collapse of the homogeneous dust star in general relativity in the exact
solutions by the OS method does not lead to the black holes with a horizon on the
gravitational radius and a singularity at the center, as it has been stated earlier from intuitive
considerations, but at any finite moment of cosmological time leads only to the frozen star
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or the frozar, an object having almost homogeneous and practically frozen internal
structure with timelike worldlines of the particles of finite mass.

Appendix 1. Parametrized form of the trajectory functions

In the literature, it is widely used a parametrized solution for the trajectories of
particles of the homogeneous dust star. Thus, for convenience of comparison and further
using of the above presented results, below the solutions are presented also in the such
parametrized form.

a. Elliptic velocities.

For solutions outside the star let us introduce a parametrization with a =a(t),

a, =a(0):
r=asiny, R=a,siny, a=a,(1+cosn)/2, f=-sin®y  (133)

This gives:
r:§(1+cosn):Rcosz(n/2), F=r, =Rsin’ y (134)

and the trajectory equations (16) and (22) take the standard form (Landau & Lifshits, 1994;
Mizner, Thorne, & Wheeler, 1973):

(n+sinn), (135)

T= .
2sin y,

t cot y, +tan(n/2)

—=In + cot +
r cot y, —tan(/ 2) 2o (77

o 2sin y,
Inside the star, the expressions for f and F have the form:
f :—rg—‘R -r R—Z:— s_inz;( , F=r R—sza0 s_ine;(
R YR sin’y, 'R} sin® y,
In (134), instead of r, we insert r, from (88) and instead of (136) we come to a more
complicated expression.

[+ Siﬂ(?])]]. (136)

(137)

b. Hyperbolic velocities.

In this case, the parametrization has the form:
r=asinhy, R=a,sinhy, a=a,(coshn-1)/2, f=sinh®y. (138)
This gives:

R . .
r=E(cosh77—1): Rsinh®(17/2), r,=Rsinh? y (139)
and the trajectory functions outside the star (15) and (60) take the form:

(n-sinhn), z,= —L(zl’2 ~In(1+2%)), (140

sinh g,

Ty=—
°  2sinhy,

3/2 i
i=|n tanh(n/2) + tanh y +coth 2 +-77 ZSInh77_23,2_77 e
r tanh(r7/2) —tanh y 2sinh” y

g
Inside the star, the expressions for f and F have the form:
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r 2 : 2 3 H 6

f :9—'R:rgR—3: S_mh3 x :rgR—g:ao—s_mh3 £ (142)
R R, sinh® g, RS sinh” g,

In (139) instead of r, we insert r from (88) and instead of (141) we come to a more
complicated expression.

Appendix 2. Derivation of the auxiliary function y

a. Parabolic velocities.
A solution of the equation (78):

12
' r.r
Y _ (g™ (143)
y R
we look for among the functions of the form
y(R,r)=A(R)+B(R,r), (144)
where A does not depend on r, and the derivative of B under R vanishes:
y'=A'+ B'+a—Br':A'. (145)
or
This gives
oB oB
B'=——r', y=—I. 146
or y or (146)
The diagonality condition (78) then takes the form
, -1
A A-[a—Brj —tr (147)
y or
from which it follows:
r
A= ® i B (148)

o R ar’
Since the left-hand side of (148) does not depend on r, the right-hand side must not
contain r, which means that B has the form B = q(R)r and from (145) we obtain for q:

B'+6—Br':q'r+qr':0. (149)
or
Taking into account r'=r/R, this equation and its solution have the form:
q—z—r—:—l, Ing=-InR+Inw, qzﬂ. (150)
q r R R

We find the constant W from the matching on the surface. As it is clear from (52), on the
surface we have t=M(r/r;) and y =r/r, and therefore, by taking into account (149),

we obtain:

w r R w 1
yR,N=—r=—, w=-=2, gqR)=—=—. (151)
R, T T R, Iy
Thus, we obtain:
R Rrg Rrg

Substituting this into (147), we obtain also:
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r R 1R®
A=22q=—, A==—+p, 153
R 9= R P (153)
where the constant p is also found from the matching on the surface y =r/ ry:
A(Rb):%+p:0, p:—%. (154)
As a result, we obtain the final solution (Oppenheimer & Snyder, 1939):
1( R?
A(R) = -1, 155
-2{5] -
1( R? R
Rt)==| —-1|+=2r. 156
y(R,7) Z(sz J R, (156)
The derivatives of y are equal to:
R R, R? 1
= y=—b = 157
Y R? y= Rr,  RZ(rn" (457
and the diagonality condition (142) is satisfled.
b. Hyperbolic and elliptic velocities.
In the diagonality condition (78)
y' i (en” o
—= =— (l+r/R)™, (158)

y 1#r./R Rt q

the solution for Yy, according to the OC method [4], we search among the functions having
the form (143). This gives (144) - (145) and the equation (157) then takes the form

y—__A(aB j _L, (159)
y or 1+r . /R
from which it follows:
Al For' GB
1+r./R o R+rgR

Since A' does not depend on T, the right-hand side of (159) does not depend on r
also, and therefore

A+r/ R)— (160)

B _ _aR) (161)
or 1+r/R
B:qj dr =+gRIn(1£tr/R). (162)
1+r/R
From (145) it follows that:
q'r+qr'=0, (163)
and taking into account r'=r/R we obtain:
q' 1 w
—=—-=, Ing=-InR+Inw, g=—. (164)
q R R

Then we find the constant W from the matching on the surface. It is clear from (22) and
(60) that on the surface t=M(r/r;) and y=r/r,, which, taking into account (163),

gives:
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YR =mr=L, W= gR)=2 = (165)
o Ty T o Ty
Hence we have:
w R R,
g=—=—2, B=x—2In(l+r/R). (166)
R R, T
Substituting this into (159), we obtain:
1+r . /R
e N sk LAA (167)
Ry 1tr, /R 2r, 1t /R
Finally, substituting (165) and (166) in (143) we find the final solution:
1+r,  /R"(@1+r/R
y(R,r):i&ln( o /R — ). (168)
Iy (£, /R)
The derivatives of y are equal to:
2
y':A':+R; y= R L (169)

TREl*r /R’ RZ(rr, )" L+ 1/ R)”

and their ratio satisfies the diagonality condition (158).
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