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Four-index equations for gravitation
and the gravitational energy-momentum tensor!

Zahid Zakir ?

Abstract

A new treatment of the gravitational energy on the basis of 4-index
gravitational equations is reviewed. The gravitational energy for the Schwarzschild
field is considered.
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Introduction

A covariant physical characteristics of the gravitational field is the Riemann
curvature tensor, and it is natural that the problems with the energy-momentum of
gravitation can be solved if we can express the gravitational energy in terms of this
tensor.

In the papers [1-2] a new generalized 4-index version of the Einstein equations
with the Riemann tensor has been formulated, and the local energy-momentum tensors
for the system of gravitation field and matter, linearly depending on the curvature tensor,
have been constructed as 4-index tensors.

In the present paper some consequences of this treatment, including the
calculation of the gravitational energy for a mass point, will be presented.

1. Four-index equations for the gravitational field

In the standard Einstein-Gilbert gravitational action one can add to the Ricci
tensor or to the Riemann tensor arbitrary functions (tensors) with zero contractions:

m 1 m 1 m
R=g" R, = §<9k 9" —yg gkl)(Riklm = Vi) @)

where x = 87k / ¢*, and L, is the matter Lagrangian, V,, ~has the same symmetry

propertiesas R, ,and ¢'V, ~=0.
So, we can start from the new action function:
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’ m 7 7m ol 1
S = fdQ [ g L gkl)[_ K Rzklm + Vklm] + Lm (2)

which is fully equivalent to the standard Einstein-Gilbert action function. Then we obtain
for the variation of the action function [1]:

65 = __fdQV 6gkm Zl 1klm - Tzklm) = 07 @)
where T, = Vi, + Timi and:
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Here d is the spacetime dimensionality, and 7}, = has the same structure as the
Riemann tensor having the representation:

1
Rty = Cipn + a2 (ol = 9B + IBy — Gimll) —
6
1 (6)
_—(d “1)(d—2) (9a9km — Gim9u) B
where C,, s the Weyl tensor with zero 2-index contraction g‘lCZklm = 0 . Thus, we
obtain the equations:
il
9" Gy, — Tiy) = 0 @)
In a general case the expression in the parenthesis is not equal to zero for the arbitrary
Vm @nd we cannot simply exclude the contractional factor g” . However the tensor
Vm as 10 independent components which is equal to the number of the Riemann

tensor components in the vacuum ( Téff) = 0 ) where it is reduced to the Weyl tensor.
Therefore, if in this case we choose the V., as equal to:

1 1
_Giklm =~ Ciklm = V;klm’ (8)
KR KR

the equations hold identically for the solutions of the Einstein equations. Thus, we may
write the 4-index equations for the gravitational field as [1]:

G, =T

iklm iklm* ©
We see that 1/, ~ can be considered as the 4-index energy-momentum density tensor

for the gravitational field. Although its 2-index contraction vanish, in the 4-index form it
allows one to determine a nonzero, local and positive defined energy-momentum tensor
for the gravitational field.
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The tensors G, and T, ~ have the symmetry properties of the Riemann
tensor and, therefore, we have 20 equations. The tensor Gl.klm is a function of the metric
(m

tensor g, which has 6 independent components. The tensor Tklnz has been combined

from the ordinary energy-momentum tensor of the matter 7, and it has 4 independent
functions (the energy density e and 3 components of the velocity). These 10 functions
obey to 10 Einstein equations. The tensor V,, =~ gives additional 10 independent

components.
So, we have 20 equations for 20 independent functions. If we take solutions of

the Einstein equations for the metrics and 7}, , then we have the additional 10 equations
for 10 components of V.., . Therefore, the solutions of the Einstein equations exactly
define all components of V., ~ and we can find V,, ~ for the known standard metrics.
In the vacuum T, =T =0, R, = R =0 and we have the equations Eq.
(8). We see that in the vacuum the tensor V., ~ plays the role of the source for the

empty spacetime curvature C.

The covariant derivati\Z/]:el?of the 4-index tensors are also related as:
Gl = T (10)
Inthe case d = 4 we have:
lelmz =Ty — Ty — é(gka,z — 9L, (1)
mm Ly g —1( T, —g,T )| = GZ
Kim: j bt~ Lt 3 Wt I Kimsit (12)
Then we obtain the relationship:
Vil . = Glpe; — . kh(n j) = lelml (13)
and, therefore,
Viimsj = T (14)

In the vacuum, therefore, there are local conservatlon laws:
Gl .=V =0. (15)

-klmg g klim;j
The integral energy-momentum tensor for the system of matter and gravitational
field can be defined as:

B, = [dsT%,. (16)
On the hypersurface x’ = const we have:

lm fd?)x\/_T Im fd3$\/_ T(m Ok lm) (17)

The energy-momentum vector for matter can be obtained as: P’ = P,’f . Finally, the 3-
index integral energy-momentum of the gravitational field can be defined as:

0
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PO = [die—gV5. (18)

2. The gravitational energy for the Schwarzschild field

Let us consider the energy of the Schwarzschild field with the line element:

2 " 2 dr? 207,92 .2 2
ds® =|1— -2 |dt* — — r*(d9” + sin® 9dp?), (19)
T 1— Ty
”
where T, = 2G'm is the gravitational radius, and the components of the metric are:
O9y = —r?, G55 = —r?sin” ¢, and:
r
doo =95 =1— 79 (20)
We calculate the energy-momentum tensor:
A 1 .
ko k
Vin = — L, (21)

for this solution of the Einstein equations. Nonzero components of the

Vo, = Ry, / x with this metric are:
Ty
VOlOl = ﬁ = _V(T)googna
rir—r) 1
Vosoz = —W = 5 V(")900920: (22)
r(r—r) 1
Vosos = _WSIHQ V= Ev(r)googgga
T, 1
V1212 =5, = _V(r)9119227 (23)
26(r—r) 2
g
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T,
Vages = —:sm ¥ = —V(r)gys953; (25)
where
T m m 0 , _
V(r)=—- = = ———=(?). (26)
K A7r3 87 Or

We see that the 2-index contraction of this tensor vanishes:
1 1
Vi = 9"V = 9[-V (r) + 5‘/(7") + §V(7’)] = 0. (27)
The physical components of the gravitational energy-momentum tensor

ik _ip kg .
V.lm =99 qulm are.

Viw = Vi = Vigy = Vi = V() (28)



22 Zakir Z. (2010) Theoretical Physics, Astrophysics and Cosmology, 5, 22; TPAC: 3600-019 v2.

Vi =V =V =VE=V5h=
21 13 31 1 (29)
=V =Vi=Vy = EV(T)-

They allow us to calculate one of components of integral gravitational energy-momentum
around the static spherical source as:

P — f dS,N—gV% f dS,\—g[—V (7). (30)

The spatial volume integral can be represented as a spatial surface integral and we obtain:
(1 — m [—g _m 2 _1
cPy = de e fdjbrr = 2nrm, (31)

where dﬁ)r =nr 2do is 2-dimensional surface element with the normal vector n,
directed along r.
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